
Online Appendix

This online appendix supports the paper “Twisted Probabilities, Uncertainty, and

Prices” by Lars Peter Hansen, Bálint Szőke, Lloyd S. Han, and Thomas J. Sargent.

A Relative entropy neighborhoods reconsidered

We prove the inequality stated in Proposition 3.2. Define the probability measure condi-

tioned on X0 “ x implied by the martingale MH and construct the product probability

measure that includes the time dimension by using the density δ expp´δtq over t ě 0 for

any δ ą 0. Call the expectation operator (conditioned on X0 “ x) associated with this

measure EH and use it to define the norm

}H}H
.
“
`

EH
|H|2

˘1{2

For notational convenience leave the conditioning implicit. Notice that we can express

p∆
`

MH , 1
˘

“
1

2
}H}2H and p∆

´

MH ,M
pS
¯

“
1

2
}H ´ pS}2H

Define

τ
.
“ min

H
δ

ż 8

0

expp´δτqE
“

MH
τ ξpXτ q | F0

‰

dτ “ min
H

EH
rξpXqs.

Suppose now that

}pS}2H ď λ2EH
rξpXqs and }H ´ pS}2H ď p1´ λq

2τ.

By the Triangle Inequality and the concavity of the square root function

}H}H ď }H ´ pS}H ` }pS}H ď λ
`

EH
rξpXqs

˘1{2
` p1´ λqτ 1{2

ă
`

λEH
rξpXqs ` p1´ λqτ

˘1{2
ď
`

EH
rξpXqs

˘1{2

Consequently, %
`

MH ; ξ
˘

ă 0.
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B Results for the game with a statistician

The following table is a counterpart of Table 1 in section 6.1.4. The only difference is the

way the worst-case models are computed. While for Table 1 we use the zero-sum game

formulation in section 4, for Table B.1 we use the statistician’s game discussed in section

5.

q rαz rκ rβ αc β αz κ ∆c̄ mz sz

Baseline

0.000 0.000 0.014 1.000 0.484 1.000 0.000 0.014 0.000 0.000 0.163

State-dependent ξrκs

0.100 -0.002 0.010 1.000 0.460 1.005 -0.003 0.013 -0.218 -0.193 0.167
0.200 -0.003 0.010 1.000 0.436 1.005 -0.005 0.013 -0.436 -0.386 0.167

0.100 -0.000 0.005 1.000 0.467 1.028 -0.002 0.010 -0.208 -0.186 0.193
0.200 -0.001 0.005 1.000 0.451 1.028 -0.004 0.010 -0.429 -0.385 0.193

State-dependent ξrβs

0.100 -0.002 0.014 1.157 0.465 1.028 -0.002 0.010 -0.209 -0.185 0.193
0.200 -0.003 0.014 1.199 0.459 1.053 -0.002 0.006 -0.410 -0.366 0.240

0.100 -0.000 0.014 1.164 0.468 1.031 -0.002 0.010 -0.206 -0.184 0.198
0.200 -0.001 0.014 1.208 0.467 1.062 -0.002 0.005 -0.390 -0.352 0.267

Table B.1: Worst-case parameter values implied by the section 5 formulation when ξ is
defined by (30). The change in the long run consumption growth expectation is denoted

by ∆c̄
.
“

`

αc `
βαz

κ

˘

´

´

pαc `
pβpαz

κ̂

¯

. Note that
´

pαc `
pβpαz

κ̂

¯

“ .484. mz and sz denote the

unconditional mean and standard deviation of Z under the worst-case model.

C Robust value functions

We provide formulas and discuss methods to compute the value function for the robust

control problem in section 6. The state vector is

Xt
.
“ rlogKt, Lt, Zt ´ z̄s

1 logKt
.
“ log

´

K
p1q
t `K

p2q
t

¯

Lt
.
“ logK

p2q
t ´ logK

p1q
t

Define the ratio

Rt
.
“

K
p2q
t

K
p1q
t `K

p2q
t

“
exppLtq

1` exppLtq
.
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The period utility function is

υpX,Dq “ δ log
`

p1´Rq
`

A1 ´D
p1q
˘

`R
`

A2 ´D
p2q
˘˘

` δ logK

where we used the resource constraint

Ct “
”

p1´Rtq

´

A1 ´D
p1q
t

¯

`Rt

´

A2 ´D
p2q
t

¯ı

Kt.

Denote expected capital growth Et

”

dK
piq
t {K

piq
t

ı

for i “ 1, 2 as

ϕi

´

D
piq
t , Zt

¯

.
“ D

piq
t ´

φi
2

´

D
piq
t

¯2

` p.01q
´

pαz ` pβZt

¯

State variables then follow

d logKt “

«

ϕ1p1´Rtq ` ϕ2Rt ´
p.01q2 |σ1p1´Rtq ` σ2Rt|

2

2

ff

dt` p.01q rσ1p1´Rtq ` σ2Rts ¨ dWt

dLt “

„

ϕ2 ´ ϕ1 ´
p.01q2

2

`

|σ2|
2
´ |σ1|

2
˘



dt` p.01q rσ2 ´ σ1s ¨ dWt

dZt “ ´pκ pZt ´ z̄q dt` σz ¨ dWt

Using Ito’s lemma, we can derive the following dynamics for Rt:

dRt “ Rtp1´Rtq
“

ϕ2 ´ ϕ1 ` p.01q2
`

|σ1|
2
p1´Rtq ´ |σ2|

2Rt ` σ
1
1σ2p2Rt ´ 1q

˘‰

dt`

`Rtp1´Rtqp.01q rσ2 ´ σ1s ¨ dWt.

Let σ denote the stacked volatility matrix

σpXtq
.
“

»

—

–

p.01q pσ11p1´Rtq ` σ
1
2Rtq

p.01qrσ2 ´ σ1s
1

σ1z

fi

ffi

fl

.

We seek a value function V pXq “ logK ` νpL,Zq that solves the HJB equation

0 “ max
dp1q,dp2q

min
h

δ log
`

p1´ rq
`

A1 ´ d
p1q
˘

` r
`

A2 ´ d
p2q
˘˘

´ δνpl, zq `
`

2

“

|h|2 ´ ξpzq
‰
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`

«

ϕ1p1´ rq ` ϕ2r ´
p.01q2 rσ1p1´ rq ` σ2rs

2

2
` p.01qrp1´ rqσ1 ` rσ2s ¨ h

ff

` νlpl, zq

„

ϕ2 ´ ϕ1 ´
p.01q2

2

`

|σ2|
2
´ |σ1|

2
˘

` p.01qrσ2 ´ σ1s ¨ h



` νzpl, zq r´pκpz ´ z̄q ` σz ¨ hs `
1

2
tr pVxxσσ

1
q (C.1)

where

tr pVxxσσ
1
q “ p.01q2|σ2 ´ σ1|

2νllpl, zq ` 2p.01q prσ2 ´ σ1s ¨ σzq νlzpl, zq ` |σz|
2νzzpl, zq.

We assume that a Bellman-Isaacs condition holds so that first-order conditions can be

stacked

δp1´ rq

p1´ rqpA1 ´ dp1qpl, zqq ` rpA2 ´ dp2qpl, zqq
“
`

1´ φ1d
p1q
pl, zq

˘

r1´ r ´ νlpl, zqs (C.2)

δr

p1´ rqpA1 ´ dp1qpl, zqq ` rpA2 ´ dp2qpl, zqq
“
`

1´ φ2d
p2q
pl, zq

˘

rr ` νlpl, zqs (C.3)

hpl, z, `˚q “ ´
1

`˚
σ1prq

»

—

–

1

νlpl, zq

νzpl, zq

fi

ffi

fl

. (C.4)

These equations determine optimal investment-capital ratios dp1qpl, zq and dp2qpl, zq, and also

the worst-case drift distortion hpl, zq. Here `˚ is the multiplier that makes the minimizing

agent’s constraint bind for a given initial pl0, z0q:

`˚pl0, z0q “ arg max
`

νpl0, z0, `q.

C.1 Single capital stock

The “boundaries” r “ 0 and r “ 1 can be described in terms of two single-capital economies.

The HJB equation becomes

0 “ max
dpiq

min
h

δ logpAi ´ d
piq
q ´ δνpzq `

`

2

“

|h|2 ´ ξpzq
‰

` (C.5)

`

«

dpiq ´
φi
2
rdpiqs2 ` p.01q

´

pαi ` pβiz̄ ` pβipz ´ z̄q
¯

´
p.01q2 |σi|

2

2
` p.01qσi ¨ h

ff

`
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` νzpzq r´pκpz ´ z̄q ` σz ¨ hs `
1

2
tr pVxxσσ

1
q

with i “ 1 when r “ 0 and i “ 2 when r “ 1. The optimal choice dpiq is given by (C.2),

namely,

d˚ “
1

2

»

–Ai `
1

φi
´

d

ˆ

1

φi
´Ai

˙2

`
4δ

φi

fi

fl

With ξpzq “ ξ0 ` 2ξ1pz ´ z̄q ` ξ2pz ´ z̄q
2, the value function νpzq is quadratic

νpz, `q “
1

2

“

ν0p`q ` 2ν1p`qpz ´ z̄q ` ν2p`qpz ´ z̄q
2
‰

;

ν0p`q, ν1p`q, ν2p`q can be obtained by plugging optimal policies into HJB equation (C.5)

and matching coefficients

ν2p`q “ ´`

«

δ ` 2pκ´
a

pδ ` 2pκq2 ´ 4|σz|2ξ2
2|σz|2

ff

.
“ ´`ω2

ν1p`q “
´`ξ1 ` p.01qpβi ` p.01qω2pσi ¨ σzq

δ ` pκ´ ω2|σz|2

δν0p`q “
1

δ

"

2

„

δ logpAi ´ d
˚
q ` d˚ ´

φi
2
pd˚q2 ` p.01q

´

pαi ` pβiz̄
¯



´p.01q2|σi|
2
´ `ξ0 ` ν2p`q|σz|

2
´

1

`
|p.01qσi ` σzν1p`q|

2

*

.

For a given initial z0, the multiplier `˚ satisfies

`˚pz0q “ arg max
`

1

2

“

ν0p`q ` 2ν1p`qpz0 ´ z̄q ` ν2p`qpz0 ´ z̄q
2
‰

.

C.2 Numerical Method

For the value function νpl, zq in the two-capital-stock problem, we solve HJB equation (C.1)

numerically using the finite difference method with implicit upwind scheme described by

Candler (2001) and the Online Appendix of Achdou et al. (2017). We construct a two-

dimensional grid for l and z, so that pl, zq P r´l‹, l‹sˆr´z‹, z‹s. We set l‹ “ 20 and z‹ “ 1.2.
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For a given `, we use the finite difference method to derive the function νpli, zj; `q on the

grid. To initialize iterations, we exploit that the value functions at the r “ 0 pl “ ´8q

and r “ 1 pl “ 8q boundaries are known (with z as their only argument); we extend these

function to the whole grid by linearly interpolating between them (over l). Using formulas

from Appendix C.1, we can also derive `˚p´8, z0q and `˚p8, z0q. We find the optimal

multiplier `˚pl0, z0q at a given pl0, z0q by maximizing νpl0, z0; `q with respect to `. A good

initial guess for the optimizer is `0 “ `˚p´8,z0q``˚p8,z0q
2

.
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